Turbulent Free Convection Heat Transfer From a Flat

Vertical Plate to a Power Law Fluid

It is well known that the theoretical analyses of the
problem of laminar natural convection are based on the
assumption that the motion is confined to a thin layer near
the wall, thus implying large Grashof numbeys. There-
fore, the predictions of laminar free convection analyses
should become increasingly accurate with increasing
Grashof numbers. However, contrary results have been
found experimentally, and these have been attributed to
the appearance of turbulence in the flow at the top of
the surface which gradually extends to cover more and
more of the surface as the Grashof number increases. Tur-
bulence may occur because the surface in question is large
or the temperature difference is large.

For Newtonian fluids, turbulent natural convection has
been studied by a number of workers, such as Colburn
and Hougen (1930), Eckert and Jackson (1950), Bayley
(19855), and Fujii (1959). However, there exists no theo-
retical analysis of this problem for non-Newtonian fluids,
and hence the purpose of this communication is to solve
the turbulent natural convection problem for viscoinelastic
solutions in a manner similar to Eckert and Jackson (1950).
The approximate integral method has been used to ob-
tain the asymptotic solution for high Prandtl numbers
using a similarity transformation.

THEORETICAL ANALYSIS

The plate is assumed to be flat, vertical, and semi-
infinite (Figure 1), and the physical properties of the
fluid (except the density in the buoyancy term) are as-
sumed to be constant,

The integral equations for momentum and heat bal-
ances in the boundary layer can be set down in a man-
ner similar to Eckert and Jackson (1950) as follows:
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The boundary conditions on the velocity and tempera-
ture are as follows:

u(x,0) = u(x,38) =0
T(x,0) = Tw
T(x,8) = T, (3)

Dodge and Metzner (1959) have provided a Blasius type
of approximate equation for the friction factor generalized
Reynolds number as follows:
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f=—
(N Regen)B
where « and 8 are functions of n for the case of power
law fluids, and an explicit equation in f for turbulent
flow of power law fluids in smooth tubes results. Follow-
ing the procedure of Skelland (1967), a suitable expression

5 X 10° = Npegen <105 (4)
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for the local surface shear stress can be obtained by
proper rearranging and adapting the equations to flow
over a smooth flat plate at zero incidence in a manner
analogous to that used by Eckert and Jackson (1950)
in the Newtonian case as

o = Qpl =B 5,8 §—Bn A2—BE=m) (5)
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For the Newtonian case
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Now, as introduced by Skelland (1967), an effective
viscosity can be written which makes the above New-
tonian equation fit the turbulent power law conditions de-
scribed by Equation (5):
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The Colburn’s analogy between heat and momentum
transfer may now be applied to the turbulent flow over the

flat plate as

4
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k
(11)

With the assumption made by Eckert and Jackson
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Fig. 1. Schematic diogram of flow past o semi-infinite vertical flat
plate.
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(1950) that close to the wall the relationships connecting
wall shear stress and heat flow with temperatures and
velocities in this range are the same for forced flow and
free convection flow, the following can be used:

aT
—k(—) =qW:hW (Tw-—T.,) (12)
oy /w
Using Equations (5), (11), and (12), the simplified
forms of Equations (1) and (2) can now be obtained
as follows:
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An order of magnitude analysis of Equations (13) and
(14) can be carried out using u ~ 0(U.), x ~ 0(l,),
y ~ 0(8) and A ~ O(U,). It can be then easily seen
that for large values of a characteristic Prandtl number
Np,, defined as

NPr
e
3—48(2+n)
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for the constant temperature plate, the inertial terms in
the momentum equation are negligible in comparison to
the other terms on the right-hand side of Equation (13).
This assumption is congruous with the fact that non-New-
tonian fluids have high consistencies.

A characteristic Grashof number can now be defined
by taking the ratio of the buoyancy force to the viscous
force as

NG‘rc — ,yI—SB PSB lc413(2+n) [gBO (TW — Tm)]4l3(2—n)
(16)

As there exists no characteristic length for the external
flow past the semi-infinite plate under consideration, the
method of Hellums and Churchill (1964) is used to choose
l; such that Ngr, = 1. Thus

1
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A characteristic velocity U, is now defined as follows:

1
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The nondimensional variables are now defined as
X y 8
T R T
(19)
u A T-T,
=—; A= 3 = ——
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The nondimensional forms of Equation (13) (on neglect-
ing inertia) and Equation (14) can now be written as
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where Ng,, is the local distance based Grashof number de-
fined as

Ngr, = 1788 p88 x18C2+m) [gR (T — T, ) ]482—m
(22)

and Np,, is the local distance based Prandtl number de-
fined as
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Note that Ng,, 126¢2*® Np, —2/3 j5 independent of x
and will be treated like a constant during the following
analysis.

Equations (20) and (21) are now solved for the follow-
ing boundary conditions:

ul(xl, 0) = ul(xl, 31) =0
9(x,0) =1 (24)
9(x1,8;) =0

In a manner similar to Eckert and Jackson (1950), ex-
pressions for u; and 8 are to be sought. They noted that
in forced convection the equations u = A(y/8)'/7 and
(T — T,) = (Tw — T.) {1— (y/8)/"} hoid consider-
ably well. Observing temperature and velocity distribu-
tions obtained experimentally by Griffiths and Davis
(1922), they concluded that the temperature equation
fitted the free convection experimental data reasonably
well, while, of course, the velocity profile showed a dit-
ferent trend owing to the fact that in free convection the
velocity is zero both at the solid surface and remote from
it. They, however, found that the equation u = A(y/8)'/"
(1 — y/8)* fitted the shape quite well.

For power law fluids, the velocity profile for turbulent
forced convection flows can be assumed as u = A(y/8)9,
where ¢ = Bn/[2 — B(2 — n)] as given by Skelland
(1967). In the present free convection case, the velocity
and temperature profiles will be assumed by analogous
arguments to those of Eckert and Jackson (1950), making
use of the forced convection expression for power law
fluids as given by Skelland (1967). Thus, the dimension-
less temperature and velocity profiles which are assumed to
fit the turbulent free convection flow of power law fluids
are

O(n) =1—n2 (25)
ur(n) = An? (1 —9)* (26)
where
=9
=5 (27)
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and
_ Bn
T=%"8z—n (28)

Substituting Equations (25) and (26) in Equations (20)
and (21), and appropriately rearranging the terms, we
obtain

0=C;8 — Q8 Fn A2-BC2—m (29)
d
Co— (3A
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For a similarity search, the following forms of 3; and A

are assumed:
8 =By x" (33)

A=Byx* (34)

Substituting these into Equations (29) and (30) and
equating the powers of x; for the equations to be valid
for any x;, we find that

yo o2—B(2—n)] (35)
2[6 — B(10 —n)]
3[(1+ Bn)] (36)

T 206 — (10— n)]

thus giving the conditions for similarity, Note that r and
s reduce correctly to their respective Newtonian values
of 7/10 and 1/2 as obtained by Eckert and Jackson
(1950).

The simplified forms of Equations (29) and (30) on
substitution of (33), (34), (35), and (36) are

CyB 1 +6n = q By2—B2—m (37)
51— pn)
B, 3 By 3
_ __Q_(0.02332 )8/3 { 2[6 — B(10 — n)] }
Q 9—68(1—n)

3—4p2+n) 2

2-5B(2—n)

NGT; 128(2+n) NP'TI 3 (38)
Thus, solving (37) and (38), we get

2—-58(2—n) 3[2—B(2—n)]

2[6—8(10—n)] 2[6—8(10—n)]
QO Q
By ={ — R
Ci Ca

4[2—8(2—n)]
[6—B(10—n)]
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Now, the local Nusselt number is defined as
hw
Nyyy = — (41a)
k
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a
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Substituting appropriately and simplifying, we get
413-28(1—n)] )
[6—B6(10—n)) 16— B(10—n)}
Nyy, = (0.02332)
1 [3—28(7+2n)]
12— 82—m)1 2[6—B(10—n)1
(Cy) (C2)

[2—-5B8(2—n)] [-3+28(1—-m)]

206—B(10~m)] [2—B2—m)]
Cy)

[—8+26(7+20)]
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8I6-B10-m1 6—B(10—m1

N Gry N Pry (42)
Thus, Equation (42) can be expressed as
NNux = C NGTza NPrzb (43)

with the appropriate definitions of C, a, and b, the values
of which tor varying n are tabulated in Table 1. With
increasing pseudoplasticity, the coefficient C and exponent
@ increase continuously, while the exponent b decreases.
But the trend of Nusselt number cannot be easily ascer-
tained owing to the unknown Grashof and Prandtl number
changes with increasing pseudoplasticity. However, Equa-
tion (42) could prove very usetul in the design of turbu-
lent natural convection processes in non-Newtonian fluids.

With the assumption that the boundary layer is turbu-
lent over the whole of the plate, the average Nusselt num-
ber can be easily written by taking an integrated average
over the length of the plate L as

4[3—2B8(1—n)] 9

[6—B(10—n)] -
Nyug, = (0.02332) (@)

[6—B(10—n)]
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TasrLE 1
No n @ B C a b
1 1.0 0.0790 0.250 0.0402 0.400 0.200
2 09 0.0770 0.255 0.0428 0.405 0.199
3 0.8 0.0760 0.263 0.0443 0.410 0.192
4 0.7 0.0752 0.270 0.0450 0416 0.187
5 0.6 0.0740 0.281 0.0464 0.422 0.174
6 0.5 0.0723 0.290 0.0477 0.429 0.165
7 04 0.0710 0.307 0.0483 0.438 0.138
8 0.3 0.0683 0.325 0.0497 0.448 0.106
9 0.2 0.0646 0.349 0.0501 0.463 0.054
1 [3—26(7+2n)]
12—8(2—n)) 2[8—B(10—n))
(Cy) (Cs)

[2—58(2—-n)1 [—3+2B8(1—n)]
2[6—B(10—n)] [2-B2—n)]

C,
19—68(1—n31
206—B(10—m)]

{ 2[6 — 8(10 — n)] 1
9—68(1-n)1 [
{21 —4B8(8+n)] [3—B(8+n)]

8[6—8(10—n)] {6—8¢10—n31
NGrL NPrL (44)

In reality, of course, the boundary layer is initially
laminar and becomes turbulent only at a certain distance
from the leading edge of the plate. However, Equation
(44) could be expected to predict true average Nusselt
number values only at Grashof numbers which are so
large that the extent of the laminar boundary layer at the
lower edge of the plate is small compared with the total
length L of the plate. This limit for the Grashof number
has been suggested to be around 10'° for Newtonian fluids
by Eckert and Jackson (1950) and could be assumed to
be around the same for the power law equivalent of the
Grashof number in the present analysis.

Finally, it is worth mentioning that although the de-
velopment in the present analysis is closely based on that
of Eckert and Jackson (1950), Equations (43) and (44)
differ in structure from their expressions for the Newtonian
case owing to the extra assumption of high Prandtl num-
ber made herein and could be matched only when a simi-
lar assumption is made in the final forms of their local and
average Nusselt numbers.
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NOTATION

a = exponent of Grashof number in Equation (43)

A = dimensionless velocity term defined in Equation
(19)

b = exponent of Prandt] number in Equation (43)

By = coefficient in Equation (33)

By = coefficient in Equation (34)

C = coefficient in Equation (43)

Cy = function of 8, n as defined by Equation (31)

Cz = function of B, n as defined by Equation (32)

Cp, = specific heat per unit mass

g = acceleration due to gravity

hw = coefficient of heat transfer at the wall defined
by Equation (11)

k= thermal conductivity

K = consistency index for a power law fluid
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l

- characteristic length

n = pseudoplasticity index for a power law fluid

Ngr, = characteristic generalized Grashof number for
a power law fluid defined by Equation (16)

Ngr, = generalized local Grashof number defined by

Equation (22)

Np,, = characteristic generalized Prandtl number for a
power law fluid defined by Equation (15)

Npr, = generalized local Prandtl number defined by
Equation (23)

Nregen = generalized Reynolds number

Nyy, = local Nusselt number defined by Equation (41a)

g = function of B, n as defined by Equation (28)

gw = heat flux at the wall defined by Equation (12)

r = function of 8, n as defined by Equation (35)

s = function of g, n as defined by Equation (36)

T = temperature

Tw = temperature of the wall

T, = temperature of the bulk of the fluid

u = velocity component along the x coordinate

4y = dimensionless velocity component defined in
Equation (19)

U. = characteristic velocity defined by Equation (18)

x = distance along the plate from the leading edge

x; = dimensionless distance defined in Equation (19)

y = distance normal to the plate

y1 = dimensionless distance defined in Equation (19)

Greek Letters

a, B = dimensionless functions of n appearing in Equa-
tion (4)

Bo = expansion coefficient of the fluid

y1 = coefficient defined by Equation (7)

s = boundary layer thickness

8 = dimensionless boundary layer thickness defined in
Equation (19)

7 = similarity variable defined by Equation (27)

A = velocity component appearing in Equation (5)

] = dimensionless temperature difference defined in
Equation (19)

perr = eftective viscosity defined by Equation (9)

p = density of the fluid

7, = shear stress at the wall defined by Equation (5)

ton = shear stress at the wall for a Newtonian fluid
given by Equation (8)

@ = coeflicient defined by Equation (6)
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